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Abstract
The purpose of this study is to introduce a new extension method named the general-
ized unified method (GUM) and apply this method to the the (2+1) dimensional Kundu–
Mukherjee–Naskar (KMN) equation. The GUM as a powerful method provides more gen-
eral exact solutions for nonlinear partial differential equations (NPDEs) in a compact form 
with free parameters. Various exact solutions including also hyperbolic, trigonometric 
and rational forms can be derived from the obtained exact solutions with tuning these free 
parameters. The reason of choosing the KMN equation is that this equation as extension 
of the Schrödinger equation is used to model great numbers of considerable physical phe-
nomena such as ion-acoustic waves in oceanic rogue waves, magnetized plasmas, bending 
of light beams, propagation pulses in optical fiber. Considering the physical importance of 
the KMN equation, the obtained wide range solution sets by using the GUM will play a 
significant role in the applied sciences that use the KMN equation to model their problems.

Keywords  Kundu–Mukherjee–Naskar equation · The generalized unified method · The 
unified method · Exact solution

1  Introduction

Nonlinear Partial Differential Equations (NPDEs) have been used for many years in nonlin-
ear science to model various physical phenomena and their process. Over the past few dec-
ades, the dynamics of nonlinear waves have appeared in a variety of applications in diverse 
fields such as transmission in plasma physics, optical communication channels, hydrody-
namics, optics, fluid dynamics, quantum mechanics, biology, economics, and also in other 
branches. Constructing the exact solutions of these equations plays vital role because the 
problems used to model physical phenomena lead to the discovery of significant inven-
tions which have high positive impact in life. Therefore, various distinct methods are used 
to solve NPDEs in mathematical studies (Althobaiti et al. 2021; Seadawy et al. 2021; El-
Rashidy et al. 2021; Marin et al. 2022; Seadawy and Cheemaa 2020; Wang et al. 2023; Ali 
et  al. 2020). Particularly, the Schrödinger equation is a very common equation which is 
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describing some problems in nonlinear optics, plasma physics, fluid dynamics, photonics, 
quantum electronics, water waves, electromagnetism (Sulaiman et al. 2018; Biswas et al. 
2017; Bulut et al. 2018; Biswas et al. 2018; Eslami and Neirameh 2018; Nakatsuji et al. 
2018; Lan and Guo 2020; Saha et al. 2020; Hollm et al. 2021; Kudryashov 2021; Khalil 
et  al. 2021; Akinyemi et  al. 2021; Bilal et  al. 2021), and many others. However, in the 
mathematical field, it is not easy to explain the wave motion deterministically by consider-
ing nonlinear interactions in order to understand the behavior of a nonlinear system.

The Kundu–Mukherjee–Naskar (KMN) equation firstly proposed by Anjan Kundu, 
Abhik Mukherjee and Tapan Naskar in 2013 (Kundu 2013; Kundu et al. 2014) is described 
an extension of the Schrödinger equation containing mixed types of nonlinear effect in ref-
erence to Kerr and non-Kerr law nonlinearities. The structure of the (2+1)-dimensional 
KMN equation arised as a two-dimensional nonlinear Schrödinger equation derived from 
the basic hydrodynamic equation is given by the following equation:

where u = u(x, y, t) is a complex valued function with independent variables x and y spatial 
variables and t is temporal variable, and asterik(*) indicates complex conjugation. The first 
term represents the temporal evolution of the pulse, while the second term with the coef-
ficient � ≠ 0 represents the dispersion term in the KMN equation. The last term with the 
coefficient � ≠ 0 is indicates nonlinear effect different from the conventional Kerr law non-
linearity or any known non-Kerr law media. In other words, this term accounts for “cur-
rent-like” nonlinearity that arises from chirality to explain also the phenomena of bending 
of light beams.

The KMN equation initially Kundu (2013) is considered to model oceanic rogue waves 
as well as hole waves in deep sea. Afterwards, many researchers from different fields, par-
ticularly physics, are noticed that this equation can be used to describe in many diverse 
problems such as two-dimensional ion-acoustic waves in magnetized plasmas, (Kundu 
et  al. 2014; Mukherjee and Kundu 2019; Mukherjee et  al. 2015; Wen 2017; Haas and 
Mahmood 2016; Guo et al. 2018), bending of light beams (Ekici et al. 2019), propagation 
pulses in optical fiber (Yildirim 2019c, a, b).

Due to its physical importance in applied sciences, several different methods have been 
applied to the KMN equation by many authors to find exact solutions. Some of these meth-
ods are the logarithmic transformation method (El-Rashidy and Seadawy 2020), trial equa-
tion method (Yildirim 2019c; Biswas et al. 2018), extended trial function method (Ekici et al. 
2019), the first integral method (Kudryashov 2019), the method of undetermined coefficients 
and Lie symmetry (Biswas et  al. 2020), the modified simple equation approach (Yildirim 
2019a), the new extended algebraic method (Jhangeer et al. 2020), the ansatz approach and 
the sine Gordon expansion method (Aliyu et al. 2020), the F-expansion and functional vari-
able methods (Yildirim and Mirzazadeh 2020; Rezazadeh et al. 2021), the new extended direct 
algebraic method (Gunerhan et al. 2020), and the exp-function method (Talarposhti et al. 2020; 
San et al. 2022), the unified method (Islam et al. 2022). However, considering the importance 
of this equation in science and engineering, there is still need to have more general solutions 
with free parameters for the KMN equation (Singh et al. 2023). Therefore, the objective of this 
study is to propose a new computational method called the generalized unified method(GUM) 
for constructing more general solutions of the KMN equation. The GUM is an extension of 
the unified method (Ullah et al. 2021; Bilal et al. 2022; Bilal and Ahmad 2022; Shahen and 
Rahman 2022; Arafat et al. 2022; Islam et al. 2022, 2022; Uddin et al. 2022; Nandi et al. 2022; 
Akbulut and Kumar 2022; Akbulut et al. 2023; Kumar et al. 2023; Ullah et al. 2022; Arafat 

(1)iut + �uxy + i�u(uu∗
x
− u∗ux) = 0,



Application of the generalized unified method to solve…

1 3

Page 3 of 17  534

et al. 2022; Bilal and Ahmad 2022b) that provides more general solutions with free param-
eters. This free parameters allow us not only to have many solutions but also to regulate ampli-
tude and width of the wave solutions to distinguish the physical properties.

This article is structured as follows. Firstly, the algorithm of the generalized unified 
method (GUM) is described step by step in Sect. 2. Then, the exact solutions of (2+1)-dimen-
sional Kundu–Mukher jee-Naskar equation (KMN) constructed by the GUM are presented in 
Sect. 3. In Sect. 4, physical structures and graphical illustrations of the some selected solu-
tions for the equation are displayed. Lastly, conclusive remarks are given in Sect. 5.

2 �  The algorithm of the generalized unified method

The generalized unified method (GUM) is developed from the unified method (Gozukizil 
et al. 2016; Akcagil and Aydemir 2018) that has been effectively applied by many authors 
(Ullah et al. 2021; Bilal et al. 2022; Bilal and Ahmad 2022; Shahen and Rahman 2022; 
Arafat et al. 2022; Islam et al. 2022, 2022; Uddin et al. 2022; Nandi et al. 2022; Akbulut 
and Kumar 2022; Akbulut et al. 2023; Kumar et al. 2023; Ullah et al. 2022; Arafat et al. 
2022; Bilal and Ahmad 2022b) in solving different types of nonlinear partial differential 
equations (NPDEs) encountered in science and engineering studies. In this section, how 
to apply the GUM to solve NPDEs is explained step by step. Additionally, the GUM as en 
effective and simple method can be applied not only NPDEs but also fractional NPDEs 
with more than three independent variables (Malik et al. 2023; Asjad et al. 2023; Asghari 
et al. 2023b, a).

Let P represents a general form NPDEs for an unknown function w = w(x, y, t) with 
three independent variables x, y and t such that highest order derivative and nonlinear 
terms of w are involved.

where the subscript represents the partial derivative of w with respect to independent 
variables.

Step 1: In order to reduce NPDE to ordinary differential equation (ODE), substituting 
w(x, y, t) = W(�) into Eq.(2) such that � = x + ry − ct + �0 is the wave variable where c is 
the wave velocity determined later and �0 real arbitrary free parameter. That gives Eq. (2) 
in the ODE form

where the superscript indicates the derivative of the function W with respect to �.
Step 2: Assume the solution of Eq.(3) can be expressed by an ansatz as follows:

where am, bm are the coefficients of � which are determined later. Moreover, � = �(�) satis-
fies the Riccati differential equation defined below with �� =

d�

d�
 and � = (c + id) where c 

and d are parameters.

(2)P(w,wt,wx,wy,wxy,wxt,wtt,wxx,wyy, ...) = 0,

(3)P(W,W �,W ��,W ���, ...) = 0,

(4)W(�) = a0 +

M∑
m=1

[
am�

m + bm�
−m

]
,

(5)��(�) = �2(�) − �2.
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The general solutions of Eq.(5) as follows:

where A ≠ 0 , B and C are real arbitrary parameters.
Step 3: The balance value M in Eq.(4) can be determined by considering the homogeneous 

balance between the linear term of the highest order with the nonlinear term of highest degree.
Step 4: To obtain a system of algebraic equations that gives the travelling wave solu-

tions of Eq.(2), it is substituted Eq.(4) and its derivatives into Eq.(3). As calculating the 
derivatives of W, considering Eq. (5) facilitates solving process on computer. It yields a 
polynomial in powers �.

Step 5: After solving the obtained a system of algebraic equations to find the coeffi-
cients of Eq.(4), these values are substituted into Eq.(4), then the travelling wave solutions 
of Eq.(2) are obtained in closed form with free parameters A, B and C.

3 � Solutions of the Kundu–Mukherjee–Naskar equation

This section contains general solutions of the Kundu–Mukherjee -Naskar Equation (KMN) 
which has been obtained by applying the generalized unified method (GUM). The KMN 
equation is given by

Firstly, in order to reduce the KMN equation to an nonlinear ordinary differential equation 
form, the wave transformation u(x, y, t) = U(�)e−iΩ is applied. In this transformation, U(�) 
denotes the shape of the nonlinear wave with the wave variable � = x + ry − ct + �0 , and 
the phase of wave Ω = px + qy − vt + Ω0 , where Ω0 , �0 are arbitrary free parameters. Sub-
stituting u(x, y, t) = U(�)e−iΩ , u∗(x, y, t) = U(�)eiΩ and its derivatives

ut(x, y, t) = e−iΩ(ivU(�) − cU�(�))

ux(x, y, t) = e−iΩ(−ipU(�) + U�(�))

u∗
x
(x, y, t) = eiΩ(ipU(�) + U�(�))

uxy(x, y, t) = e−iΩ(−pqU(�) − i(pr + q)U�(�) + rU��(�))

into Eq.(7), then the obtained nonlinear ordinary differential equation as belows:

Decomposing to real and imaginary parts of Eq.(8) is resulted in c = −(pr + q)� from 
imaginary parts, and the following reduced nonlinear ordinary differential equation for the 
KMN equation from real parts.

(6)�(�) =

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

�1 =
(c+id)

√
A2+(B+iC)2−A(c+id) cosh (2(c+id)(�+�0))
(B+iC)+A sinh (2(c+id)(�+�0))

,

�2 =
−(c+id)

√
A2+(B+iC)2−A(c+id) cosh (2(c+id)(�+�0))
(B+iC)+A sinh (2(c+id)(�+�0))

,

�3 =
(c+id)(−A+e−2(c+id)(�+�0 ))

(A+e−2(c+id)(�+�0 ))
,

�4 =
−(c+id)(−A+e2(c+id)(�+�0 ))

(A+e2(c+id)(�+�0 ))
,

�5 = −
1

�+�0

(7)iut + �uxy + i�u(uu∗
x
− u∗ux) = 0.

(8)−(pq� + v)U + r�U�� − 2p�U3 − i(c + (pr + q)�)U� = 0.
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To simplify the computation at the computer, the coefficients of Eq.(9) are defined 
D = 2p� , E = r� and F = (pq� + v) . Hence, Eq.(9) is stated as follows:

Equating a balance between the highest order U′′ with the nonlinear term U3 gives the sim-
ple equation M + 2 = 3M . So the solutions of the KMN equation in (7) can be written in 
the form with this balance value M = 1.

where a0, a1 and b1 are coefficients of � which are determined later. Substituting Eq.(11) 
and its derivatives into Eq.(10), then equating the coefficients of different power of � to 
zero gives a system of nonlinear algebraic equations with a0, a1, b1 and � . Solving this alge-
braic equations system by using Maple yields the following sets of parameters:

Set 1.
a0 = 0,      a1 =

√
2E

D
      b1 = 0,      � =

√
−F

2E
,

Set 2.
a0 = 0,      a1 = −

√
2E

D
      b1 = 0,      � =

√
−F

2E
,

Set 3.
a0 = 0,      a1 =

√
2E

D
      b1 = 0,      � = −

√
−F

2E
,

Set 4.
a0 = 0,      a1 = −

√
2E

D
      b1 = 0,      � = −

√
−F

2E
,

Set 5.
a0 = 0,      a1 = 0, b1 =

F√
2DE

      � =

√
−F

2E
,

Set 6.
a0 = 0,      a1 = 0, b1 = −

F√
2DE

      � =

√
−F

2E
,

Set 7.
a0 = 0,      a1 = 0, b1 =

F√
2DE

      � = −

√
−F

2E
,

Set 8.
a0 = 0,      a1 = 0, b1 = −

F√
2DE

      � = −

√
−F

2E
,

Set 9.
a0 = 0,      a1 = −

�
2E

D
, b1 =

F√
8DE

      � =
1

2

√
F

E
,

Set 10.
a0 = 0,      a1 =

�
2E

D
, b1 = −

F√
8DE

      � =
1

2

√
F

E
,

Set 11.
a0 = 0,      a1 = −

�
2E

D
, b1 =

F√
8DE

      � = −
1

2

√
F

E
,

Set 12.
a0 = 0,      a1 =

�
2E

D
, b1 = −

F√
8DE

      � = −
1

2

√
F

E
,

Set 13.
a0 = 0,      a1 = −

�
E

2D
, b1 =

F√
32DE

      � =

√
−F

8E
,

(9)2p�U3 − r�U�� + (pq� + v)U� = 0.

(10)DU3 − EU�� + FU� = 0.

(11)U(�) = a0 + a1� +
b1

�
,
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Set 14.
a0 = 0,      a1 =

�
E

2D
, b1 = −

F√
32DE

      � =

√
−F

8E
,

Set 15.
a0 = 0,      a1 = −

�
E

2D
, b1 =

F√
32DE

      � = −

√
−F

8E
,

Set 16.
a0 = 0,      a1 =

�
E

2D
, b1 = −

F√
32DE

      � = −

√
−F

8E
.

After applying this method to the KMN equation, the following solutions are derived 
from (11) using these 16 coefficient sets along with Eq.(6). Throughout this section, the 
first index n indicates which one of � solution in (6) is used and the second index m shows 
the set number above is used in un,m . In this context, substituting the coefficients from set 1 
to set 16 with �1 into (11) gives solutions are respectively as follows:

(12)u1,{1,2}(x, y, t) =

∓

�
−F

D

�√
A2 + (B + iC)2 − A cosh

��
−2F

E
(� + �0)

��

(B + iC) + A sinh

��
−2F

E
(� + �0)

� e−iΩ,

(13)u1,{3,4}(x, y, t) =

±

�
−F

D

�√
A2 + (B + iC)2 − A cosh

��
−2F

E
(� + �0)

��

(B + iC) − A sinh

��
−2F

E
(� + �0)

� e−iΩ,

(14)u1,{5,6}(x, y, t) =

∓

�
−F

D

�
(B + iC) + A sinh

��
−2F

E
(� + �0)

��

√
A2 + (B + iC)2 − A cosh

��
−2F

E
(� + �0)

� e−iΩ,

(15)u1,{7,8}(x, y, t) =

±

�
−F

D

�
(B + iC) − A sinh

��
−2F

E
(� + �0)

��

√
A2 + (B + iC)2 − A cosh

��
−2F

E
(� + �0)

� e−iΩ,

(16)

u1,{9,10}(x, y, t) = ∓

�
F

2D

⎛⎜⎜⎝

�
(B+iC)+A sinh

�√
F

E
(�+�0)

��

√
A2+(B+iC)2−A cosh

�√
F

E
(�+�0)

� −

�√
A2+(B+iC)2−A cosh

�√
F

E
(�+�0)

��

(B+iC)+A sinh

�√
F

E
(�+�0)

�
⎞
⎟⎟⎠
e−iΩ,

(17)

u1,{11,12}(x, y, t) = ±

�
F

2D

⎛⎜⎜⎝
−

�
(B+iC)−A sinh

�√
F

E
(�+�0)

��

√
A2+(B+iC)2−A cosh

�√
F

E
(�+�0)

� +

�√
A2+(B+iC)2−A cosh

�√
F

E
(�+�0)

��

(B+iC)−A sinh

�√
F

E
(�+�0)

�
⎞
⎟⎟⎠
e−iΩ,
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Substituting the coefficients from set 1 to set 16 with �2 into (11) gives the following 
solutions:

(18)

u1,{13,14}(x, y, t) = ∓
1

2

�
F

D

⎛⎜⎜⎝

�
(B+iC)+A sinh

�√
−

F

2E
(�+�0)

��

√
A2+(B+iC)2−A cosh

�√
−

F

2E
(�+�0)

� −

�√
A2+(B+iC)2−A cosh

�√
−

F

2E
(�+�0)

��

(B+iC)+A sinh

�√
−

F

2E
(�+�0)

�
⎞⎟⎟⎠
e−iΩ,

(19)

u1,{15,16}(x, y, t) = ±
1

2

�
F

D

⎛⎜⎜⎝

�
(B+iC)−A sinh

�√
−

F

2E
(�+�0)

��

√
A2+(B+iC)2−A cosh

�√
−

F

2E
(�+�0)

� −

�√
A2+(B+iC)2−A cosh

�√
−

F

2E
(�+�0)

��

(B+iC)−A sinh

�√
−

F

2E
(�+�0)

�
⎞⎟⎟⎠
e−iΩ.

(20)u2,{1,2}(x, y, t) =

±

�
−F

D

�√
A2 + (B + iC)2 + A cosh

��
−2F

E
(� + �0)

��

(B + iC) + A sinh

��
−2F

E
(� + �0)

� e−iΩ,

(21)u2,{3,4}(x, y, t) =

∓

�
−F

D

�√
A2 + (B + iC)2 + A cosh

��
−2F

E
(� + �0)

��

(B + iC) − A sinh

��
−2F

E
(� + �0)

� e−iΩ,

(22)u2,{5,6}(x, y, t) =

±

�
−F

D

�
(B + iC) + A sinh

��
−2F

E
(� + �0)

��

√
A2 + (B + iC)2 + A cosh

��
−2F

E
(� + �0)

� e−iΩ,

(23)u2,{7,8}(x, y, t) =

∓

�
−F

D

�
(B + iC) − A sinh

��
−2F

E
(� + �0)

��

√
A2 + (B + iC)2 + A cosh

��
−2F

E
(� + �0)

� e−iΩ,

(24)

u2,{9,10}(x, y, t) = ±

�
F

2D

⎛⎜⎜⎝

�
(B+iC)+A sinh

�√
F

E
(�+�0)

��

√
A2+(B+iC)2+A cosh

�√
F

E
(�+�0)

� −

�√
A2+(B+iC)2+A cosh

�√
F

E
(�+�0)

��

(B+iC)+A sinh

�√
F

E
(�+�0)

�
⎞
⎟⎟⎠
e−iΩ,

(25)

u2,{11,12}(x, y, t) = ∓

�
F

2D

⎛⎜⎜⎝

�
(B+iC)−A sinh

�√
F

E
(�+�0)

��

√
A2+(B+iC)2+A cosh

�√
F

E
(�+�0)

� −

�√
A2+(B+iC)2+A cosh

�√
F

E
(�+�0)

��

(B+iC)−A sinh

�√
F

E
(�+�0)

�
⎞⎟⎟⎠
e−iΩ,

(26)

u2,{13,14}(x, y, t) = ±
1

2

�
F

D

⎛⎜⎜⎝

�
(B+iC)+A sinh

�√
−

F

2E
(�+�0)

��

√
A2+(B+iC)2+A cosh

�√
−

F

2E
(�+�0)

� −

�√
A2+(B+iC)2+A cosh

�√
−

F

2E
(�+�0)

��

(B+iC)+A sinh

�√
−

F

2E
(�+�0)

�
⎞⎟⎟⎠
e−iΩ,
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Substituting the coefficients from set 1 to set 16 with �3 and �4 into (11), that gives
(27)

u2,{15,16}(x, y, t) = ∓
1

2

�
F

D

⎛⎜⎜⎝

�
(B+iC)−A sinh

�√
−

F

2E
(�+�0)

��

√
A2+(B+iC)2+A cosh

�√
−

F

2E
(�+�0)

� −

�√
A2+(B+iC)2+A cosh

�√
−

F

2E
(�+�0)

��

(B+iC)−A sinh

�√
−

F

2E
(�+�0)

�
⎞⎟⎟⎠
e−iΩ.

(28)u3,{1,2}(x, y, t) =

∓

�
−F

D

�
−A + e

−

√
−2F

E
(�+�0)

�

�
A + e

−

√
−2F

E
(�+�0)

� e−iΩ,

(29)u3,{3,4}(x, y, t) =

±

�
−F

D

�
−A + e

√
−2F

E
(�+�0)

�

�
A + e

√
−2F

E
(�+�0)

� e−iΩ,

(30)u3,{5,6}(x, y, t) =

∓

�
−F

D

�
A + e

−

√
−2F

E
(�+�0)

�

�
−A + e

−

√
−2F

E
(�+�0)

� e−iΩ,

(31)u3,{7,8}(x, y, t) =

±

�
−F

D

�
A + e

√
−2F

E
(�+�0)

�

�
−A + e

√
−2F

E
(�+�0)

� e−iΩ,

(32)u3,{9,10}(x, y, t) = ∓

�
F

2D

�
A+e

−

√
F
E
(�+�0 )

−A+e
−

√
F
E
(�+�0 )

−
−A+e

−

√
F
E
(�+�0 )

A+e
−

√
F
E
(�+�0 )

)

�
e−iΩ,

(33)u3,{11,12}(x, y, t) = ±

�
F

2D

�
−

A+e

√
F
E
(�+�0 )

−A+e

√
F
E
(�+�0 )

+
−A+e

√
F
E
(�+�0 )

A+e

√
F
E
(�+�0 )

)

�
e−iΩ,

(34)u3,{13,14}(x, y, t) = ∓
1

2

�
F

D

�
A+e

−

√
−F
2E

(�+�0 )

−A+e
−

√
−F
2E

(�+�0 )

−
−A+e

−

√
−F
2E

(�+�0 )

A+e
−

√
−F
2E

(�+�0 )

)

�
e−iΩ,

(35)u3,{15,16}(x, y, t) = ±
1

2

�
F

D

�
−

A+e

√
−F
2E

(�+�0 )

−A+e

√
−F
2E

(�+�0 )

+
−A+e

√
−F
2E

(�+�0 )

A+e

√
−F
2E

(�+�0 )

)

�
e−iΩ.
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Substituting the coefficients from set 1 to set 4 with �5 into (11), that gives

In last part, because of the remaining solutions are trivial solutions, it is obtained only two 
solutions under the constraint pq� + v = 0.

4 � Result and discussion

In the previous section, 50 different solutions for the Kundu–Mukherjee–Naskar Equation 
(KMN) are obtained by applying the generalized unified method (GUM). Firstly, all solutions 
are summarized as the following manner. It is obvious that by changing the sign of the follow-
ing solutions, 40 solutions from u1 , u2 , u3 , u4,u5 , 8 solutions from u6,u7 , and 2 solutions from u8 
can be derived as in the third section.

(36)u5,{1,2}(x, y, t) = ±

√
2E

D

� + �0
e−iΩ.

(37)u1(x, y, t) =

±

�
−F

D

�√
A2 + (B + iC)2 ± A cosh

��
−2F

E
(� + �0)

��

(B + iC) ± A sinh

��
−2F

E
(� + �0)

� e−iΩ,

(38)u2(x, y, t) =

±

�
−F

D

�
(B + iC) ± A sinh

��
−2F

E
(� + �0)

��

√
A2 + (B + iC)2 ± A cosh

��
−2F

E
(� + �0)

� e−iΩ,

(39)

u3(x, y, t) = ±

�
F

2D

⎡⎢⎢⎣

�
(B+iC) ±A sinh

�√
F

E
(�+�0)

��

√
A2+(B+iC)2 ±A cosh

�√
F

E
(�+�0)

� −

⎛
⎜⎜⎝

�
(B+iC) ±A sinh

�√
F

E
(�+�0)

��

√
A2+(B+iC)2 ±A cosh

�√
F

E
(�+�0)

�
⎞
⎟⎟⎠

−1⎤⎥⎥⎦
e−iΩ,

(40)

u4(x, y, t) = ±
1

2

�
F

D

⎡
⎢⎢⎣

�
(B+iC) ±A sinh

�√
−

F

2E
(�+�0)

��

√
A2+(B+iC)2 ±A cosh

�√
−

F

2E
(�+�0)

� −

⎛
⎜⎜⎝

�
(B+iC) ±A sinh

�√
−

F

2E
(�+�0)

��

√
A2+(B+iC)2 ±A cosh

�√
−

F

2E
(�+�0)

�
⎞
⎟⎟⎠

−1⎤
⎥⎥⎦
e−iΩ,

(41)u5(x, y, t) = ±

�
−F

D

�
±A + e

±

√
−2F

E
(�+�0)

�

�
∓A + e

±

√
−2F

E
(�+�0)

� e−iΩ,

(42)u6(x, y, t) = ±

�
F

2D

�
A+e

±

√
F
E
(�+�0 )

−A+e
±

√
F
E
(�+�0 )

−

�
A+e

±

√
F
E
(�+�0 )

−A+e
±

√
F
E
(�+�0 )

�−1�
e−iΩ,
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Several different techniques for solving the NPDEs have been mentioned in the first 
section, which mostly give solutions in hyperbolic, trigonometric and rational forms. 
It should be noted here that the solutions obtained by applying GUM already con-
tain these solution forms. While setting B = 0,C = 0 and substituting the hyper-
bolic identities cosh(2a) = cosh2(a) + sinh2(a) = 2 cosh2(a) − 1 = 2 sinh2(a) + 1 and 
sinh(2a) = 2 sinh(a) cosh(a) into the solutions u1 and u2 gives the solutions in tanh and 
coth forms, respectively. The similar manner, setting A = 1 in u5 also gives the solutions in 
tanh and coth forms, too. Therefore, the GUM with free parameters provides more general 
solution forms including tanh and coth forms than other techniques. On the other hand, 
the solutions in sech and cosech forms are also obtained easily by considering the hyper-
bolic equality coth(a) − tanh(a) = 2cosech(2a) in u3 and u4 while setting B = 0,C = 0 . 
The similar way, setting A = 1 in u6 and u7 also gives the solutions in sech and cosech 
forms. Moreover, considering these hyperbolic-trigonometric equalities sinh(ix) = i sin(x) , 
cosh(ix) = cos(x) , sinh(x) = i sin(ix) , cosh(x) = cos(ix) , the obtained solutions are con-
verted easily from hyperbolic to trigonometric or vice versa. It is concluded that the GUM 
produces many more solutions in compact form with free parameters.

The 3-D graphs of the obtained solutions u1, u3, u5, u8 for the real part are 
shown in Fig.  1. The graphs are plotted in the x direction for the parameters 
p = 1, q = 2, r = 3, � = 1, � = 1, v = 1,  A = 10,  B = 1,  C = 1 over the interval 
−10 < x < 10, −10 < t < 10 . The graphs show how diverse characteristics of the solutions 
obtained by GUM are such as rogue waves waves and periodic waves. In particular, rogue 
waves called also killer or monster waves have been arised liquid helium, in nonlinear 
optics, and in microwave cavities other than water (Helal 2022). These type of waves are 
very significant to model wave phenomenon in applied sciences which are using wave such 
as optic and ocean engineering.

The 3-D graphs of the obtained solutions u2, u4, u6, u7 for the real part are 
shown in Fig.  2. The graphs are plotted in the x direction for the parameters 
p = 1, q = 2, r = 3, � = 1, � = 1, v = 1,  A = 10,  B = 0,  C = 0 over the interval 
−10 < x < 10 , −10 < t < 10 in Fig.  2. The graphs show different characteristics of the 
solutions obtained by GUM. Particularly, the special rogue waves with multiple higher 
peaks can be forecasted and tracked where and when they emerge using these main solu-
tions with different free parameters.

The 3-D graphs of the obtained solutions u1, u3, u5, u8 for the real part are 
shown in Fig.  3. The graphs are plotted in the x direction for the parameters 
p = 1, q = 2, r = 3, � = 1, � = 1, v = 1,  A = 10,  B = 0,  C = 0 over the interval 
−10 < x < 10 , −10 < t < 10 in Fig. 3. Particularly, the GUM provides a unified method to 
have solutions the rogue type multiple lump wave solutions such as in Fig. 3.

The 3-D graphs of the obtained solutions u2, u4, u6, u7 for the real part are 
shown in Fig.  4. The graphs are plotted in the x direction for the parameters 
p = 1, q = 2, r = 3, � = 1, � = 1, v = 1,  A = 10,  B = 0,  C = 0 over the interval 
−10 < x < 10 , −10 < t < 10 in Fig.  4. These graphs demonstrate more stable and more 

(43)u7(x, y, t) = ±
1

2

�
F

D

�
A+e

±

√
−F
2E

(�+�0 )

−A+e
±

√
−F
2E

(�+�0 )

−

�
A+e

±

√
−F
2E

(�+�0 )

−A+e
±

√
−F
2E

(�+�0 )

�
− 1

�
e−iΩ,

(44)u8(x, y, t) = ±

√
2E

D

� + �0
e−iΩ.
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predictable wave character with free parameters used. These graphs are promising in that 
they explain the exact model of many wave types with the solutions obtained by GUM.

The 3D wave profiles have been displayed to show the temporal and spatial changes in 
the x direction of the obtained solutions by the GUM as above. As they have many differ-
ent solutions with varying structure with respect to free parameters, physical structures and 
graphical illustrations of the some selected solutions for the only some selected parameters 
of the equation are demonstrated in this section to save space. The varying structures of the 
solutions in (37) to (44) can be tested by using any Computer Algebra Software for differ-
ent parameters. However, the wave variable � that supposes propagation of a wave of fixed 
form is the most fundamental form of analysis that governs the propagation of the waves 
observed in figures. Additionally, the rate F

D
=

(pq�+v)

2p�
 affects the amplitude of the wave due 

Fig. 1   The 3-D graphs of real part for solutions u1(x, y = 0, t), u3(x, y = 0, t), u5(x, y = 0, t), u8(x, y = 0, t) 
are plotted above for the parameter choices p = 1, q = 2, r = 3, � = 1, � = 1, v = 1, A = 10, B = 1, C = 1 
for y = 0 in −10 < x < 10 , −10 < t < 10
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to mathematical structures of the solutions given from u1 to u7 . Therefore, the amplitude is 
controlled by this rate with respect to solutions.

5 � Conclusions

In this study, the generalized unified method (GUM), a new computational method to con-
struct solutions for the problems in mathematical physics, has been successfully applied 
to obtain solutions for the Mukherjee-Naskar (KMN) Equation. The main and significant 
contributions of this article are as follows:

•	 It is introduced the GUM as a new extension method to solve both NPDEs and frac-
tionel NPDEs.

Fig. 2   The 3-D graphs of real part for solution u2, u4, u6, u7 are plotted above for the parameter choices 
p = 1, q = 2, r = 3, � = 1, � = 1, v = 1, A = 10, B = 0 ,  C = 0 for y = 0 in −10 < x < 10 ,  −10 < t < 10
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•	 Applying this method successfully to the KNM equation gives more general solutions 
in compact form with free parameters A ≠ 0 , B, C and �0 , Ω0 . Therefore, many solu-
tions are retrieved using these free parameters by using only one method without repro-
ducing same solution in different forms.

•	 The obtained solutions in Sect. 3 are collected under the eight main families with sev-
eral free parameters in Sect.  4. Moreover, solutions in hyperbolic, trigonometric and 
rational forms, and many more can be derived from these families by using eleven free 
parameters which are p, q,  r,  v,� ≠ 0,� ≠ 0 , �0 , Ω0 , B, C and A ≠ 0 as explained in 
Sect. 4.

•	 The physical structures of some selected solutions obtained by GUM are plotted for 
only some selected free parameters by using Maple. Thus, the graphs show that how 
diverse characteristics structures can be derived from these solution sets.

•	 Due to free parameters, it can be tuned physical properties of the wave such ampli-
tude, width and velocity. Considering the physical importance of the KMN equation, 

Fig. 3   The 3-D graphs of real part for solution u1(x, y = 0, t), u3(x, y = 0, t), u5(x, y = 0, t), u8(x, y = 0, t)

are plotted above for the parameter choices p = 1, q = 2, r = 3, � = 1, � = 1, v = 10

, A = 10 ,  B = 1 ,  C = 0 for y = 0 in −10 < x < 10,  −10 < t < 10
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this observation of changes in amplitude and velocity makes a valuable contribution 
to the applied sciences that use the KMN equation to model their problems.

•	 Comparing with other methods, the algorithm is very simple and very easy to per-
form on computer. In other words, more solutions are obtained effortlessly without 
doing tedious calculations.

The computations in this work have been performed by Maple 12.
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