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Abstract—We give estimates for the eigenvalues of nonself-adjoint Sturm—Liouville operators with
periodic and antiperiodic boundary conditions for the special potential 4 cos? x + 4iV sin 2z that is
a PT-symmetric optical potential, especially when |v/1 — 4V2| < 3 or equally 0 < V < 1/10/2. We
provide some useful equations for calculating the periodic and antiperiodic eigenvalues. We even
approximate complex eigenvalues by the roots of some polynomials derived from some iteration
formulas. Moreover, we give a numerical example with error analysis.
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1. INTRODUCTION AND PRELIMINARY RESULTS

In this paper, we are concerned with the operators L;(q), for t = 0, 1, generated in Ls[0, 7] by the
differential expression

—y"(z) + q(2)y () (1)
and the boundary conditions

y(m) = ey(0),  y'(m) ="y (0) (2)

that is, periodic and antiperiodic boundary conditions, where ¢ is a PT-symmetric optical potential of
the form

q(z) = (1 +2V)e® + (1 -2V)e ™ V >0. (3)

which is a shift of 4 cos? z + 44V sin 2z.

A literature review on the optical potential (3) and the general PT-symmetric potentials was given
in [1] (see also [2]—[11] and references therein). In [1], we considered the Dirichlet operator D(q)
generated in Ly[0, 7| by expression (1) and Dirichlet boundary conditions

y(r) =y(0) =0,

with the optical potential (3), proved some results concerning the Dirichlet eigenvalues and provided
some useful equations for calculating Dirichlet eigenvalues. It is known that (see [12] and [5,
Summary 3]) if V' # 1/2, then any periodic eigenvalue is either a Dirichlet eigenvalue or a Neumann
eigenvalue. Similarly, any antiperiodic eigenvalue is either a Dirichlet eigenvalue or a Neumann
eigenvalue. In the present paper, we use completely different iteration formulas than those of [1]
and we find completely different equations for calculating periodic and antiperiodic eigenvalues of the
Schrédinger operator L(q), generated in La(—00, 00) by differential expression (1) with potential (3). In
the present paper, we prove the counterparts of the results in [1], mainly arguing along the same lines

*The article was submitted by the author for the English version of the journal.
"E-mail: cnur@yalova.edu.tr

1401



1402 NUR

and we obtain consistent results with those of [1], by using completely different iteration formulas and
equations.

The case V' = 1/2 was investigated for the first time by Gasymov [13], and it was proved that the
spectrum of the Schrodinger operator L(g) is [0, 00). This case was considered also in [14],[15].

[t was proved by Veliev [16, Theorem | and (26)] that if ab = c¢d, where a,b, ¢, and d are arbitrary
complex numbers, then the Hill operators L(q) and L(p) generated in Lo(—o00, 00) by expression (1) with
the potentials g(x) = ae™% 4 be'?* and p(x) = ce™ % + de'®*, have the same Hill discriminant, and
hence the same Bloch eigenvalues and spectrum. Therefore, the investigations of the operators L;(q),
for t = 0,1, can be reduced to the investigations of the operators generated in Ly[0, 7| by differential
expression (1) and the boundary conditions (2) with the potential

p(z) = ce?™ 4 ce”%T — 9¢ cos(2x), (4)

where ¢ = v/1 — 4V 2. Therefore, to consider the spectra of the operators Ly(q) and L;(q), we can use
the properties of both the PT-symmetric potential (3) and the even potential (4). The eigenvalues of
Lo(q) and Lq(q) are called the periodic and antiperiodic eigenvalues and they are denoted by A, (q), for
n € Z and py,(q), for n € Z — {0}, respectively. We may also use the notations A, (c), for n € Z and
tn(c), forn € Z — {0}, for the periodic and antiperiodic eigenvalues, respectively.

In this paper, we give estimates for the periodic and antiperiodic eigenvalues, in particular, when
lc| < 3 or correspondingly 0 <V < 1/10/2. We provide some useful equations for calculating the

periodic eigenvalues also for the case |¢| > 3 or equally V > +/10/2. We even approximate complex
eigenvalues by the roots of some polynomials derived from some iteration formulas. Moreover, we point
out (see Remark 2) that the (n + 2)nd critical point V' = V,,;o defined in [5], [10] as the point (see
Definition 1 and Remark 1) at which the (2n + 1)th and (2n 4 2)th periodic eigenvalues are equal and
real satisfies the inequality

Ven+1)2+1

2
forn =1,2,... under the assumption that the conjectures about the critical points given by Veliev [6]
are valid. Obviously, lim,_, o, Vi, = oo as stated by Veliev [6, Conjecture 3]. Finally, we give a numerical
example for ¢ = —2.157281295 with error analysis using Rouche’s theorem.

Vn+2 2

For simplicity of reading, first, we give the main ideas of the proofs of the main results. We will
focus on the periodic eigenvalues. The investigation of the antiperiodic eigenvalues is similar. To give
estimates for the small periodic eigenvalues, first, we prove (See Theorem 1) that the periodic eigenvalues
satisfy the equation

<>\ —(2n)? — kf;lA%—l()\)) : = <qq_11>2" <1§1 BQk—lO‘))i

for|c| <3andn > 2, where g_1 =1 —2V, g = 1+ 2V and the infinite series Ay and By, are defined in
(11). This implies that the periodic eigenvalue Ay, is either the root of (14) or the root of (15) lying in
the disk D,, = {\ € C : |\ — (2n)?] < 2|c|}. Then we consider the first periodic eigenvalues Ao and A_4
and the third periodic eigenvalue A, in Theorem 2 and prove that for |¢| < 3 the eigenvalues \g and A
are roots of Eq. (20) in the disk D1 = {\ € C: |A| < 2|c¢| + 4} and that A4, is a root of (21) in the disk
D;. Then, to estimate the eigenvalues numerically, we take finite sums instead of the infinite series in
Egs. (14), (15), (20), and (21) and approximate the eigenvalues by the roots of the polynomials derived
from the mth approximations (24), (25), and (26) the way it was done by Veliev [5]. We obtain similar
results for the antiperiodic eigenvalues in Theorems 3 and 4.

Now we state some preliminary facts. It is well known that the spectra of the operators Ly(q) and
L4 (q) are discrete and for sufficiently large n there exist two periodic (if n is even) or antiperiodic (if n is
odd) eigenvalues (counting multiplicities) in a neighborhood of n2. See the basic and detailed classical
results in [17]—[21] and references therein. The eigenvalues of the operators Lg(0) and Ly(0) are (2n)?
and (2n 4 1)2, for n € Z, respectively and all eigenvalues of Ly(0) and L1 (0), except 0, are double.
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[t is also known[19], [21] that if ¢ is a real nonzero number, then all eigenvalues of the operator Hy(c),
generated in L]0, 7] by expression (1) and the boundary conditions (2) with potential (4), are real and
simple. These results were stated more precisely in [5, Summary 2].

By [6, Theorem 9], for complex values of ¢, the eigenvalues of the operator Hy(c) lie in the
disk Dy, :={\ € C: |XA— (2n)?| < 2|c|}, for n =0,1,2,... and |c| < 3. Moreover, the disk D,, for
n > 2, has no common points with another disk D,,, for m # n and the boundary of the disk
Dype:={A€C:|A—(2n)?| <2|c| +€},n =2,3..., belongs to the resolvent set of the operator Hy(c)
for all |¢| < 3 if € is a sufficiently small positive number. It implies that the number of eigenvalues
(counting multiplicities) of Hy(c) in Dy, ¢ for n > 2 is the same for all |¢| < 3. Since Hy(0) has two
eigenvalues in D,, ., for n > 2, the operator Hy(c) has also two eigenvalues for |c| < 3. Letting e tend to
zero, we obtain that Hy(c) has two eigenvalues (counting the multiplicity) in D,,, forn > 2 and |¢| < 3.
By the same token, we prove that Hy(c) has 3 eigenvalues in Dy U D;. We denote them by Ag, A_1, and
)\+1.

Similarly, H;(c) has two eigenvalues (counting multiplicities) in

dp = {peC:|u—(2n - 1)% < 2/c}

forn=1,2,... and |c| < 2. We denote the (2n)th and (2n + 1)th periodic eigenvalues by A_,(c) and
Agn(c), forn =1,2,...; the (2n — 1)th and (2n)th antiperiodic eigenvalues by p_,(c) and p4,(c), for
n=1,2,...,respectively.

Thus,

‘)‘in(c) = Axn(0)] < 2‘0‘7
forn > 2, |c| < 3, and
[n(q) — pan(0)] < 2|c],

for n > 1 and |¢| < 2, where A+, (0) = (2n)2, pan(0) = (2n — 1)? and ¢ = v/1 — 4V2. Therefore, we
have

(2n)% = 2le| < [An] < (20)% +2|¢| (5)
and
A — (26)%| > |(20)? = (2k)%| = 2|c| = 4fn — kJn + k| — 2]c]
> 42n — 1] — 2|c],
forn > 2 and k # +n. In particular, if n = 1, we have |A+1] < 4 + 2|c| < 10 and

A1 — (26)%] > [|Aqa] — (2k)%] > 16 — [Axq| > 12 — 2| > 6, (6)
for k > 2. Besides, if n > 2, we have |\,| > |A_a| > 16 — 2|c| > 10 and
A — (26 2 [[A—2| = (2k)%| = [A—2| — 4 > 12— 2|¢| > 6, (7)
for k # £n. The analogous inequalities can be written for the antiperiodic eigenvalues from
(2n = 1)* = 2|¢] < |pan| < (20 = 1)% + 2|e], (8)

forn=1,2,....

2. MAIN RESULTS

First, we consider the operator Ly(gq) which is associated with the periodic boundary conditions.
From now on, when we use the notation \,,, we mean the (2n)th and (2n + 1)th periodic eigenvalues
A_pand Ay, forn =1,2,.... We begin with the equations

(An — (2n)*) (T, ™) = (qT y, e7), (9)
(An — (2n)*) (T, e ") = (q¥y, e ") (10)
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which are obtained from
—U(2) + q(z) N (x) = AN TN (2),

by multiplying both sides of the equality by e2"* and e~¥2"% respectively, where Wy (z) is the eigen-
function corresponding to the eigenvalue Ay . Iterating equation (9) m times for N = n, as it was done
in the paper[22], we obtain

()\n —(2n)* =) Ak()\n)> (U, €277) =" Bi(An) (T, e 2") = R (), (11)

k=1 k=1
where

_ Ani1Qns " dnd—n1—no—-—ny,
AMM)_mgngNr%%n—nﬁﬂ~~Mm—@m—nv~~—nwm’

_ Ani19ns * * " dnp92n—n1—no——ny,
BMM»_ME;WJMr%%n—nDVP~Mn—@W—nr~~—nwﬂ’

Ty Gy * qnmqnm+1 (q\IIna ei2(n—n1—..._nm+1)x)
m(An) = .

B = D (o m)) e Do — (20— 11— - — 1))

n1,N2;-;NMm+1

Here the sums are taken under the conditions ny = +1, > n; #0,2nfors = 1,2, ..., m + 1. Note that
j=1
for the optical potential of the form (3) we haveq_1 =1 -2V, ¢ =1+ 2V and g, = O for k # £1.
Similarly, iterating equation (10) m times, we obtain

k=1 1
where
AZ()\TL) = Z dni1Qns " dn,d—ni—no—-—ny,

a o P = @A n0)? - A = 20+ 4 - )]

* . Gni1Qns * * " dnp9—2n—n1—no——ny
Bi(An) = Z An— 2 +n1))? - [M— 2 +ny+ - +ng))?]’

ni,me,...,Ng

* _ An1Any " Anp Qnp, 41
Ban) = 2 o+ ) Do — (@041t 4+ rms))?)

(q\I’n, e—i2(n+n1+~--+nm+1)x)
N1,M2,Mm+1

Here, the sums are taken under the conditions ny = £1, >~ n; # 0, —2n for s =1,2,...,m + 1. Note
j=1

that the iteration formulas (11) and (12) were used in [22] for large eigenvalues to obtain asymptotic

formulas. In this paper, we find conditions on potential (3) for which the iteration formulas (11) and (12)

are also valid for the small eigenvalues, as m tends to infinity. We also note that it is not easy to give

such conditions; there are many technical calculations. Since the potential ¢ is the optical potential of

the form (3), we have the followings, after some calculations (see [23]):

zk()‘n) = A2k()‘n) = B;k(An) = B2k()‘n) =0,
ok-1(An) = A2k—1(An),  Byp1(An) = (qq_ll)z”sz—l(An), (13)

fork =1,2,.... Now, to give the main results, we prove the following lemma. Without loss of generality,
we assume that ¥, (x) is the normalized eigenfunction corresponding to the eigenvalue A,,.

Lemma 1. The statements
(a) limpoo RBn(An) =0,  limymoo B, (An) =0,
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(b) |un|? + [vn]? > 0, where u, = (¥, e?"*) and v, = (¥, e~12"%)
are valid in the following cases:

Case 1. If|c| <3, foralln > 1.

Case2. If|c|] <2s—1,forn>sands=2,3,....

Proof. Case 1. (a) By the definition of R,,(),,) and the conditions imposed on the summations, the
number of summands of Ray,+1()\y) is not greater than 4™, On the other hand, by (5)—(7), we have

A1 <4+ 2|¢| < 10, |Ad1 — 16] > 16 — |A\{| > 6, |Ad1 — 36| > 36 — |A\1] > 26,
10 < 16 — 2|c] < |Ag| <16 + 2|c| < 22, A —4| > |[Ao| —4 > 6,
|[A2 — 36| > 36 — |A2] > 14, [A2 — 64| > 64 — |N\o| > 42,
30 < 36 — 2|c| < |A3| <36 4 2|c| < 42,
A3 — 16| > |A3| — 16 > 14, A3 — 64| > 64 — |Ag| > 22.
Hence, considering the greatest summands of Rg,,+1(\,) in absolute value, we obtain forn = 1,

42m _ m+1 m9 9 B 42m Ima1
|Roms1(A1)] < lg-1] lq1|"2|c|/7 VT|g-1| ||

A1 — 16|+ |\ — 36|™ 6m+126m
Vg1 |122™ /rlgoq |24 12\™
< gmagm  — o oggm  —VTlaallgz)

forn = 2,

4mq_1mq1m+12c s 42mq_1m+1q1m2c -
Romia ()] <+ la=alaa[™ " 2ely/ g™ ar ™ 2ely/

[Ag — 4|mt+1| \g|™ [A2 — 36|m+1| N\ — 64|™
2v/m|qu |4 cPm 2y/mlgoq[42m [Pt
Gm+110m 14m+149m
Vrlg-i[12™ | 6y/mlg1[12m12™ 3\" | 3vmlg1] (36 \™
< omigm T jg1gmagm = VTeallg) T 147)

and in general, for n >3 we have |Rgp,+1(\y)| < ar™, for some constant @ >0 and 0 <r < 1.
Therefore, lim,;, o0 Rin(Ay) = 0. Similarly, we prove that lim,, o R, (M) = 0.

(b) Suppose the contrary, u,, = 0 and v,, = 0. Since the system of root functions {?** /\/7 : k € Z}
of Ly(0) forms an orthonormal basis for L]0, 7], we have the decomposition

7T\I/n — un6i2nz + vne—i2nz + Z (‘I’na ei2kx> ei2k:c
kEZ k£+n

for the normalized eigenfunction ¥,, corresponding to the eigenvalue A, of Lo (q). By Parseval’s equality,

we obtain
S (W) =
kEZ k#+n

First, we consider the case n = 1. Using the relations (6) and (9), the Bessel inequality, and taking
(q¥1,1) = g-1u1 + q1v1 = 0 into account, we obtain

Z |(‘I/1 ei2kx)|2: \(q‘l’l,l)\2 + Z |(q\11176i2kw)|2

2 _ 2|2
kEZ k#A+1 [Adl k£0,+1 A1 — (2k)?]

1 2k |2 7T(2|C|)2
S (12— 212 2 law e P < et <
k€ kA+1

MATHEMATICALNOTES Vol. 114 No.6 2023



1406 NUR

and in the case n > 2, we have

) N ei2kz)‘2
E : \I/n i2kx |12 _ § : |(q I3
|( , € )| |)\n _ (2k)2|2

kCZ.k#+n kEZ,k£4n

1 ok 2 T(2le])?
S (2ogey 2 @< T <
kEZ kt+n

which contradicts >y ez s [(Pns e??k7)|2 = 7 and completes the proof for Case 1.

Case 2. First, we prove the statements for n = 2 and |¢| = 3. The proof of (a) is obvious. For the
proof of (b), again assume the contrary us = (¥, ™) =0 and vy = (Vy, e~ %) = 0. Isolating the
terms |(Wq, €/2%)|? and |(V3, e~¥2%)|? in Parseval’s equality, we can write

|(\If2,€_i2x)|2 + |(‘112’ei2z)|2 + Z |(‘112’ei2k:c)|2 = .
k41,42

Using (9), the relations |A2] > 16 — 2|c| = 10 and |2 — 4| > |A2| —4 > 12 — 2|¢| = 6, the Bessel in-
equality, and taking

q@ e 4 = q— q\Il ,1
( 2 7'255) _q‘l(\Il271) qiv2 1()\22 )7
e‘ T) — 1 71
(q\lj2’ & ) qd—-1u2 + QI(\IJ% 1) = ql(q)\; )

into account, we obtain

Z (W ei2kw)|2 _ |(q‘112,6_i250)|2 |(q\112’ei2x)|2 Z |(q\y2’ei2kx)|2

_ 412 _ 4]2 _ 212
k€L A+2 A2 — 4] A2 — 4] iy M= (2R)7)
< (1= VI02l(qus DI | (14 VIOPI(q¥a D | g~ (e, @22
- 2 _ 2 2 —A12 9
[A2[?[A2 — 4 Ao |2 A2 — 4] sl
(1—v10)27(2c))2 (1 +v10)2m(2|¢))2 1 e
= + + o O W)
2R2 202 2
1076 10%6 10 kEZ,k#A+2
m(1=V10)? w14+ V10)* | #(2e)? _ 587 _

- 102 102 102 100
which contradicts Y=y 7 i [(W2,€5%)[> = 7 and completes the proof for the case n = 2 and |¢| = 3.

Now consider the case of |c| < 2s — 1 andn > sfors > 3. Using (2n)? — 2|c| < || < (2n)% + 2|¢],
we obtain
Do — (@82 > A — (200 — 1) > 2n)? — 2/e] — (2(n — 1))?
=42n—1) —2|c| > 4(2s —1) —2(2s — 1) = 4s — 2,
and for k # n — 1, we have
A = (2K)%] 2 A — (2(n + 1)) 2 (2(n + 1)) = (2)% — 2|¢]
=402n+1) —2|c| >4(2s+1) —2(2s — 1) = 4s + 6.

Arguing the case, n = s and |¢| = 2s — 1, as in the case, n = 2 and |c¢| = 3, and repeating the proof of
Lemma 1 by using the last inequalities, we complete the proof.

Now, letting m tend to infinity in the equations (11) and (12), we obtain the following results. First,
we consider the case n > 2.

MATHEMATICALNOTES Vol. 114 No.6 2023
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Theorem 1. (a) If|c| <3andn > 2,then Ay, is an eigenvalue of Ly(q) if and only if it is the root
of either the equation

A—(2n)* — ZAQk—l()‘) - (q_1> ZBQk—lo\) =0 (14)
k=1 R
or the equation
A= =S w0+ (1) X B =0 (15)
k=1 R

in the disk D,, := {\ € C : |\ — (2n)?| < 2|c|}, where q_1 =1 -2V, q1 = 1+ 2V, and each of
the series in these equations converges uniformly to an analytic function on the disk D,,.
Moreover, the roots of (14) and (15) in D,, coincide with the 2nth and (2n + 1)st periodic
eigenvalues A\_,, and Ay, of Ly.

(b) Ifle] <2s—1,5s=2,3,..., then the statements in (a) remain valid forn > s.

Proof. (a) By Lemma 1, letting m tend to infinity in Egs. (11) and (12), we obtain

<)\n — (2n)* — ZA%—l()‘n))un = ZBQk—l(An)Um (16)
k=1 k=1

<An — (2n)* - ZAzk_lun))vn = By 1(A\n)tn, (17)
k=1 k=1

where u,, = (¥,,, €?"*) and v,, = (V,,, e~ %2"*). If one of the numbers wu,, and v,, is zero, then the proof is
obvious. If they are both different from zero, multiplying these equations side by side and then cancelling
the term u,v,, by (13), we obtain

<>\n —(2n)? - ki;lAQk—lo\n)> 2 = (qq_11>2" <§; BQk—l(>\n)>2, (18)

which implies \,, is either the root of (14) or the root of (15), since By(A,) = 0forn > 2.

Now we prove that the roots of (14) and (15) lying in the disk D,, are the eigenvalues of Ly. The
equation f(\) :== A — (2n)? — A;(\) = 0 has one root in the disk D,, and

F] = 1A= (20)7 = A (N)] 2 [IA = (2n)*] = |41 (A

2 2 2 2
Sl @z c] S ol _ ]
_‘I (2n)7] <|A2_4|+|A2_36| 2 2c] 12 - 2¢| T 20— 2l| )’

forall A € Gy, := {\ € C: A — (2n)?| = 2|¢|}. Define

gi(N) = A= (2n)? = > Ay_1 (M) + (-1) (‘“)nz Bok_1(\),
el q1

k=2
for j = 1,2. Estimating the summands of |Agx_1(A2)| and | Bak_1(A2)|, we obtain
2k—1|c|2k 2k—2‘c‘2k

< ) < )

[AalF Ay — 4fF [AalF~HAg — 4fF
for K > 2. Using the relations |A2| > 16 — 2|c| and [A2 — 4| > [A2| — 4 > 12 — 2|¢|, it follows by the
geometric series formula that
2lc|* 22|c[®

2 M09l < (16 o1z — gl T (16— 21e)2(12 - 2le)?

2
| Bar—1(A2)]

| Agr—1(A2)] ‘ q_ll

o0
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2eft 2] 22|
(16 — 2|c|)(12 — 2|c]) (16 — 2|c])(12 = 2|c|) ~ (16 — 2|c|)2(12 — 2|¢|)
_ 2|c|* 1 _ 2|c|* _ 9
- _ _ 2 2|c|? B _ _ _ _ 2
(16 = 20e)(12 = 20el)? 1 — 28 7 (12 2e)[(16 — 2lel)(12 — 24e) = 2Ac? * 14
and that
- ]! 2leff
B (A2)
' " kZzl w10l 46 gz — 2gep2 T (16 — 20e212 - 21epy
]! 2] 2%[[
= (1+ + +-o0)
(16 — 2|c|)(12 — 2\0\)2 (16 — 2|c|)(12 = 2|¢|) = (16 — 2|c|)2(12 — 2\0\)2
_ ]! 1 _ ]!
- _ _ 2 2|c|2 - _ _ _ _ 2
(16 = 20e)(12 = 20el)? 1 — 268 7 (12~ 2e][(16 = 2el) (12  2fe]) — 2ef?]
< 9
28°
Hence

9 9 27

k=2

for all A € Cy,. Therefore |g;(X) — f(A)] < |f(A)] holds for all A € C,, and by Rouche’s theorem, g;(\)
has one root in the disk D,, for j =1 and j =2. Hence, Ly has one eigenvalue (counting with
multiplicity) lying in D,,, which is the root of (14) and it has one eigenvalue (counting with multiplicity)
lying in D,,, which is the root of (15). On the other hand, each of the equations (14) and (15) has exactly
one root (counting with multiplicity) in D,,. Thus, A € D,, is an eigenvalue of Ly if and only if, it is either
the root of (14) or the root of (15) and the roots of (14) and (15) coincide with the eigenvalues A_,, and
>\+n of LO

Now, to estimate Z | A%, (N)] and Z |BS, (V)] for |A—(2n)?| < 2|c| and |¢| < 3, we first

estimate the summands ‘A2k 1(A2)] and \q 1| | By 1 (A2)| by differentiating Aog—1(A2) and Bag—1(A2)
with respect to Aq:

L 3(3) e

Ay o)) < S 1B ()] <
2k—1 Ao|F=1|Ag — 4[F+17 2k—1\2 Ao|F=1|Ag — 4[k+17
for k > 2, and hence,
- - 3|t (9/2)]¢l®
A/ _ A < A/ _ )\2 < + + ..
kzzz‘ -1 (V)| kz_;‘ -1(02)] (16 — 2|c|)(12 — 2|¢)3 * (16 — 2]|c|)2(12 — 2]c|)*
_ 3|t 1+ (3/2)lef? n (9/4)|cl* )
(16 — 2|¢[) (12 — 2|¢|)? (16 — 2[c[)(12 — 2|¢|) (16 — 2|c[)2(12 — 2|¢|)?
_ 3c[* 1 3 6|4
- _ _ 3 3lc|2 - _ 2 _ _ _ 2
(16 — 2[e[)(12 — 2[c[)3 1 — 2(16_2‘6\)'(12_2'6‘) (12 — 2[¢])?[2(16 — 2[c|)(12 — 2|c|) — 3c[?]
_ 9
62
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and

q-1

Z|BQk 1 ( ‘
k=2

Therefore, each of the series Y Agr_1(A) and > Baog_1(A) converges uniformly to an analytic function

k=1 k=1
on the disk D,,.
(b) This is obvious by Lemma 1 (Case2).

6lc|t 9
kZQ|sz 1O (15— opep2i2(16 - 21el) (12 - 21el) — 5le2) < 50

Now consider the case of n = 1. In this case, calculating A; (A1) and > Bar_1(\1) and substituting
k=1
themin (11)and (12)as m — oo, we obtain

C2 C4
—4 - A
<>\1 \ )\1 16 Z 26—1(A1) > 22

or

202
<>\1—4—)\1 )\1—16 ZA% 1>\1>< - )\1—16 ZA% 1>\1>= . (19)

Therefore, we have the following result.

Theorem 2. [f |c| < 3, then

(a) The first periodic eigenvalues \g and A_1 are the roots of the equation

N4\ —27 — _16 ZAA%I (20)

in the disk D1 :={\ € C: |\ <2|c| + 4}, and the series Z Aok_1(X) converges uniformly
k=2

to an analytic function on the disk Di. Moreover, (20) has exactly two roots (counting

multiplicities) in D1, and these roots coincide with the first two eigenvalues g and A,

Of Lo.
(b) The third periodic eigenvalue A1 is the root of

2 o0
C
A—4—A_16—kZ:2A%_1<A>—o (21)

in the disk Dy. Moreover, (21) has exactly one root (counting multiplicity) in Dy, and this
root coincides with the third eigenvalue A1 of Ly.

Proof. (a) The proof of (a) was given by Veliev [5] for |¢| < 2. Besides, he gave the spectral analysis of
the operators L¢(q), for t = 0,1, and L(g). In this paper, we have derived the same equation by another
method of him; equation (20) follows from (19). Now we prove that the statements remain valid for
lc| < 3. Let F()\) := A2 — 4\ — 2¢? = 0. Then
[E)] = 1A = 4X = 2¢%| > A2 — 4|7 = 2]¢f?
= (2lc| +4)* — 4(2lc| +4) — 2|c|* = 2|c|* + 8]c],

for all A€ C1 :=={A € C: |\ =2|c|] +4}. Let G(\) be the left-hand side of (20). Estimating the
summands of |Agg_1(A1)| and |A%,_; (A1)], we have
(3)k—2‘c‘2k 3(3)k 2|C|2k

Aop_1(A Al
| 2%k 1( 1)| < |)\1—16|k|)\1—36|k_1’ | 2k— 1( )| |)\ _16|k+1|)\1_36|k 1°
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Using the relations [\ < 2|c| + 4, | A1 — 16] > 12 — 2|¢| and |A; — 36| > 32 — 2|¢|, and then estimating
> [Agk—1(A1)] and 3 |AL, 1 (A1)], for |¢] < 3, we obtain

k=2 k=2

& ] (3/2)]cff (3/2)?cf
2 a1 001 < (15 230 afel) * (12— alel)s(32 — 2lele (12— 2lelyican 2l T
_ ] (3/2)]c? (3/2)?]c]? -
= (12— 9232 — 20e) T T 12— 2epG2— 2e) T (12— 2232 — 202 T
_ |f* 1 _ 2|ef*
T2 26232 = 2el) 1y, T (12— 20e])[2(12 - 20e])(32 — 2lel) - 3[eP)
< 995 (22)
and
o | 4/ 3lef! 3(3/2)|c/® 3(3/2)%|cl®
2 MO0l < (15 ojapagan —alel) (12— alelyt(32 el + (12— 2le)o(52 — 2l T
- el (3/2)]c? (3/2)?]cl? N
= (12— 2032 2e) ' 2 - 232 20e) T (12— 222 - 22 T
B 6c|* _ 9 (23)
(12— 2|c])2[2(12 — 2|¢|) (32 — 2|c|) — 3|c[?] T 190°
Therefore,
C2 >
GOy - FO)l =], 7+ > a4
le|?(2]c] + 4) 2(2|c| + 4)|c|* 90
S o9 T a2 - 2e) 2012 — 20e)(32 — 2le]) — 3le2] = P T g5 <10

and hence |G(\) — F(\)| < |F(X\)] holds for all A € Cy. Since F(\) has two roots in the disk Dy, it
follows by Rouche’s theorem that G()\) has two roots in D;. as well These roots coincide with the first
two periodic eigenvalues A\g and A_1 [5, Theorem 9]. Moreover, by (22) and (23), the series > Agk—1(\)
k=2
converges uniformly to an analytic function on the disk Dj.
(b) The proof of (b) is similar to the proof of (a). Equation (21) follows from (19). Let g(\) be the
left-hand side of (21) and h(A\) = A — 4. Then

B = A= 4] > [\ — 4 = 2]c| +4— 4 =2,

forall A € C; and

02

00 =001 = [, g + 3 Ama )
k=2

- |c|? N 2c|* <3+ 9 <8

12 -2|¢] (12 =2|¢|)[2(12 = 2]c[)(32 = 2|¢|) = 3|¢f?)] "2 95 "5
Therefore |g(A\) — R(N)| < |h(A)] holds for all A € Cy. Since h(A) has one root in the disk D, it follows
by Rouche’s theorem that g(\) has one root in Dy as well. The other parts of the proof are the same as
those for (a).

Before stating the remark about the nth critical point V' = V,,, we give the following definitions and
remarks from 5], [6], [10].
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Definition 1. A number V' = Vj is called the second critical point for the first periodic eigenvalue if the
first real periodic eigenvalue is a double eigenvalue, that is A\g = A_1 [5, Definition 3].

It was stated and proved [4], [5] that if the number V in potential (3) is less than /5/2 and greater
than the second critical point V&, then the first periodic eigenvalues A\g and A_; are nonreal and they are
complex conjugate numbers. [f V' < V5, then A\g and A_; are real and distinct numbers.

Remark 1. It was proved by Veliev [5, Theorem 10] that 0.8884370025 < Va < 0.8884370117. In this
case, ¢? changes from —2.15728123 to —2.157281295. We assume that the conjectures about the critical
points V =1V, forn = 3,4,..., given by Veliev [6] are valid. By the same way, they define the third
critical point V' = V3 and in general, the nth critical point V- =V,,, forn = 2,3, ... (see also[10, p. 286]).
We state [5, Conclusion 1]in our notation: If V' = V3, then the third and fourth periodic eigenvalues A1
and \_o are equal and real; if V5 <V < V3, then A1 and A\_5 are real and distinct numbers and if
V > V3, then A1 and A_s are complex conjugate numbers. In general, if V' = V},, then the (2n — 3)th
and (2n — 2)th periodic eigenvalues \,,—2 and A_,,+1 are equal and real; if V,,_1 <V <V, then A\,_o
and A_, 41 are real and distinct numbers; if V' > V,,, then \,_5 and A_,,41 are complex conjugate
numbers and all other periodic eigenvalues after the (2n — 2)th eigenvalue are real [5, p. 30].

In [5, p. 30], Veliev sketched the shape of the spectrum of the Hill operator with the optical
potential (3), for different values of V. In these figures, the end points of the bands of the spectrum
are periodic and antiperiodic eigenvalues which are indicated by blue and yellow points, respectively. He
stated [5, Conclusion 1, p. 31] that for V> Vi, k = 2,3, ..., no part of the (2k — 3)rd and (2k — 2)nd
bands, i.e., no part of Q1 = I'gp,_3 U I'9y_o, remains real. He also pointed out [5, Conclusion 2, p. 31]
thatif V= V1, then the sets Qq,Qs, ..., Qi1 have the shapes as in the third part of Fig. 6 in[5, p. 30].
From these figures and conjectures in [5], we conclude that if V' = Vi1, then the first (2k — 2) periodic
eigenvalues are nonreal and pairwise conjugate numbers. Assuming the existence of the critical points
from [5], [6], [10], we observe the following:

By the equations obtained in Theorem | and Theorem 2, there is no possibility that the (2n)th
and (2n + 1)th periodic eigenvalues A_,, and A4, coincide, for n =1,2,.... However, the first and
second eigenvalues coincide for V' = V5 and (2n — 1)st and (2n)th periodic eigenvalues may coincide
for n =2,3,... if the radii of the disks defined in Theorem 1 and Theorem 2 increase. However,
we cannot calculate these double eigenvalues with our estimations, because the disks D,, and D, 1,
for n=1,2,..., do not intersect in our estimations. If the third and fourth periodic eigenvalues
are equal, namely if A;; = A_g, then, by the inequalities |A11] < 2|c| +4 and |[A_3| > 16 — 2|¢|, we
have the inequality 2|c| 44 > 16 — 2|c|, which implies |c| > 3. Using the relation ¢ = v/1 — 4V2,
we obtain V3 > 1/10/2. Similarly, if the (2n + 1)th and (2n + 2)th periodic eigenvalues are equal,
i.e. Apn = A_(n11), then we have (2n)% +2[c| > (2(n + 1))? — 2|¢|, since [Ayn| < (2n)? + 2|¢| and
IA_(nsy| > (2(n +1))? —2|¢|, for n > s and s = 2,3,.... In this case, we obtain |¢| > (2n + 1) and
Visz > /(2n+1)24+1/2,forn > sand s = 2,3,.... Thus, we stress the following estimation:

Remark 2. The (n + 2)th critical point V' = V,, 49, defined in[5], [10], as the point at which the (2n + 1)th
and (2n + 2)th periodic eigenvalues are equal and real, satisfies the inequality

Vn+1)2+1

2 )
forn =1,2,..., under the assumption that the conjectures about the critical points given by Veliev [6]
hold. Obviously, lim,,—,~, Vi, = 0o as stated by Veliev [6, Conjecture 3].

Vn+2 Z

By Theorem 1 and Theorem 2, if |¢| < 3 which corresponds to the case V < /10/2, then all
periodic eigenvalues aiter the second eigenvalue can be calculated numerically as real numbers,
with a very small error as in our numerical example. In this case, the first two periodic eigenval-

ues coincide for a specific value of ¢ between —2.15728123 and —2.157281295, which corresponds
to 0.8884370025 < Vo < 0.8884370117 and they can be calculated numerically by Theorem 2. If
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Vo < V < /10/2, then the first two periodic eigenvalues can be calculated numerically as complex
conjugate numbers by Theorem 2.

Similarly, if 3 < |¢| < 5 or correspondingly v/10/2 < V < /26/2, then all periodic eigenvalues after
the fifth eigenvalue can be calculated numerically as real numbers by Theorem 1. In this case, the third
and fourth eigenvalues coincide and so, the third critical point V' = V3 occurs, but we can’t calculate this
double eigenvalue numerically with our equations (For |c| = 3, the fourth and fifth eigenvalues can also
be calculated by Theorem 1).

In general, if (2n — 1) < |¢| < (2n + 1) or correspondingly

2 2
V(en—1)2+1 <V < V(2n+1) +1’
2 2
then all periodic eigenvalues after the (2n + 1)th periodic eigenvalue can be calculated numerically as
real numbers by Theorem 1 (b). In this case, the (2n — 1)th and (2n)th periodic eigenvalues coincide
and the (n 4 1)th critical point V' = V,,11 occurs, but we can’t calculate the eigenvalues less than or
equal to the (2n + 1)th periodic eigenvalue numerically with our equations (For |¢| = 2n — 1, the (2n)th
and (2n + 1)th eigenvalues can also be calculated by Theorem 1).

Assuming the existence of the critical points from [5], [6], [10], our calculations give an interval for
finding the critical point V,,;1, and verify the limit of the increasing sequence {V,, : n = 2,3,...} of the
critical points approaching infinity.

Now, to estimate eigenvalues numerically, we take finite sums instead of the infinite series in
Egs. (14), (15), (20), and (21). If we consider the mth approximation

N —ax -2 — AC_QAM —Z;)\Agk_l()\) =0 (24)
for the first periodic eigenvalues \g and A_1, the mth approximation
Amae S S ) =0 (25)
A—16 =
for the third periodic eigenvalue A1, and the mth approximation

A—(2n)* - Z Agi—1(A) £ <q_1> ZB%—l()\) =0 (26)
k=1 R

for the other eigenvalues A_,, and A, of Ly, then we have the following estimates for the remaining

terms:
o0

< >0 A ()
k=m+1
4 3m|c|2m+2

9 m
< < 312
32m(12 — 2|¢[)™(32 — 2|c|)™1[2(12 — 2|¢|)(32 — 2|¢|) — 3|c|?] <1o4>

> Aga(M)

k=m+1

and
> A2k—1(>\n)i<q_l> > Baalw)| < ) |A2k—l(>\n)|+‘q_l > Bay—1(An)|
k=m-+1 D/ pZmm k=m+1 Ly —
[ee] 2 [ee]
<Y MOl + T Y Baat)
k=m+1 £ Nt
- 3.2m—1|¢|2mt2 <45 3\
(12 — 2/e))™ (16 — 2|e))m=1[(12 — 2|¢[)(16 — 2c|) — 2|¢f2] ~ 14 \10) °

for |c| < 3 and n > 1. Obviously, we will have better approximations as m grows. Besides, for a fixed
m, this method gives better approximations as n grows. Now we approach the eigenvalues by the roots
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of the polynomials derived from the mth approximations (24), (25), and (26), as it was done in [5]. For
example, forn = 1 and m = 3, we have the third approximations

9 9 A\ AA
QA = A=A =2 = 6T 16)2(A — 36)
S\ S\
T A= 16)2(A— 36)2(A — 64)  (A—16)3(A—36)2
and
C2 C4
QiN=A =4 = 16~ (1620 — 36)
66 C6
T A= 16)2(A—36)2(A — 64)  (A—16)3(A—36)2 " (27)
Then
Pi(A\) == (A —16)3(\ — 36)*(\ — 64)Q1(\)
and
Pi(A) := (A= 16)°(A = 36)*(A — 64)Q_1()\) (28)

are polynomials of degree 8 and 7, respectively. By the same token, we can derive polynomials to
approximate the periodic eigenvalues, forn > 2.

Now consider the operator L;(q) associated with the antiperiodic boundary conditions. Using the
similar formulas

(v = (20 = 1)*)(@n, €Cn7D7) = (g, D), (29)
(v = (20 = 1)*)(@, e/ Cr7D7) = (g, e 1), (30)
to (9), (10), and then iterating equation (29) m times, we obtain

(un — (2n—1)? Zak (tin ) (@, 'r=Dry <q2n_1 + Zbk(un)> (D, e D) =y (),

k=1
where
_ qni19ns * * * 4npd—n1—no——ny,
alin) = nw; T [n — (2(n —n1) = D)2 [ — 2(n —ng — -+ —ng) — 1)2]
Gni19ns * " 4nip92n—1—n1—no——ny,
b n) = )
M) = D (3n—ma) ~ 1) — (Ot — ) — 1
T (N ) = Z ni9ns *** Gnm nm gt (qCIJN, ei@(n_m_m_an)_l)w)
i i — (20— m1) = 2] — (20— 1 — - — ) 12

1,125+, m+1

Here, the sums are taken under the conditions ng = £1, Y~ n; #0,2n — 1fors =1,2,...,m + 1.
=1
Similarly, iterating equation (30) m times, we obtain

< 2n . 1 Zak Nn > @N7 e—i(2n—1)r) _ <q-2n+l 4 Z@t(ﬂn)) (CI)N7 ei(2n—1)r) = r;"n(lun)j

k=1

where

* . qni9ns * * " 4npd—n1—no——ny,
)= 2L = 2t )= 1o i — (20t )~ 12

n1,M2,...,Nk

* qnlqnz e anq—2n+l—n1—n2_..._nk
by () = ,
ke (tn) Z [t — (2(n 4+ n1) — D2 [ — (2(n 4+ nq 4 -+ + 1) — 1)2]

n1,M2,...,Nk
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Z qnlqn2 . qnm qnm+1 (q@]\h e_i(2(”+n1 +"'+7’Lm+1)_1)w)

[ = @0+ 10) =12 [ — 20+ 1 4+ Aungr) = 1))

1,125+, m+1

T;kn(:un) =

Here, the sums are taken under the conditions ny = %1, >  n; #0,—2n+1for s =1,2,...,m + 1.
j=1
Therefore, the analogous formulas to (16), (17) and (18) are

< 277, — 1 Zak ,un > Dy, ei(2n—1)x) = <QQn—1 + Z bk(ﬂn)) (CI)Ny e—i(2n—l)x)’

k=1
(ﬂn —@n =1 =) ay(u )> (@, e En07) = (q_znﬂ + Zb}Z(,un)> (@, ei2n=17)
k=1 k=1
and
q_1 2n—1 00 2
<un— (2n — 1) Zak un> —<q_1> <q2n_1+zbk(un)> ; n>1,
k=1

respectively. Now we state theorems similar to Theorem 1 and Theorem 2 for the operator L;(q).

Theorem 3. (a) If|c| < 3andn > 3, then iy, is an eigenvalue of Ly if and only if it is either the
root of the equation

n—1/2 oo
"w— n—l Zagk 1( <q_1> Zb%(u)zo (31)
k=2

or the root of

n—1/2 oo

p- (20— 17 Zagk o+ (51 Sl =0 (32)
q1 P

in the disk dy, == {p € C: |u — (2n — 1)?

converges uniformly to an analytic function on the disk d,,. Moreover, the roots of (31)

and (32) in d,, coincide with the eigenvalues p—, and pi4p of Ly.

(b) Inthecaseofn =2, the statements in (a) remain valid for |c| < 2.

Here, we note that in the cases n = 1 and n = 2, a lemma similar to Lemma 1 will be valid for |¢| < 2,
because |1 — 9| > 9 — |p1| > 8 —2|c| and |u2 — 1| > |p2| — 1 > 8 — 2|¢| by (8). Now forn = 1, we have
the following theorem.

Theorem 4. ] |c| < 2, then pyy is an eigenvalue of Ly if and only if it is either the root of the
equation

M—l—C—Zazk—l(ﬂ)zo (33)
k=1
or the root of
u—1+c—Za2k_1(,u):0 (34)

in the disk dy :={p € C: |u| <2|c|+ 1}, and each of the series in these equations converges
uniformly to an analytic function on the disk di. Moreover, the roots of (33) and (34 ) in dy coincide
with the first antiperiodic eigenvalues p—1 and piyq.
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Now let us approach the antiperiodic eigenvalues by the polynomials derived from the mth approxi-
mations of (31)-(34). Forn =1, m = 3, and j = 1,2, we have

. c? oA
By =p =1 e 0™ (- 9)2(u - 25)
b S5
T (- 92(n— 25 (u—49)  (u—9(u—257 (35)
Then
Si(p) = (1 — 9)* (1 — 25)% (e — 49) H; (1) (36)

is a polynomial of degree 7. By the same token, we can derive polynomials to approximate the
antiperiodic eigenvalues, forn > 2. Now we present a numerical example.

Example 1. Form = 3 and ¢ = —2.157281295, Veliev [5] approximated the first periodic eigenvalues
Ao and A_1. Now we have the following approximations to the third periodic eigenvalue A1 and the first
antiperiodic eigenvalues p—1 and pi41:

First, we show that A is the real eigenvalue lying inside the circle
C={\eC:|\—4.1814942277| = 1.7 x 10_6}.
The root of the polynomial P_1(\) defined by (28), lying in the disk D1 = {\ € C: |A| < 2|c¢| + 4}, is
r1 = 4.1814942277. The other roots of P_1(\) are
ro = 15.8535021182, r3 = (15.9823184944 — 0.119095369803:),
ry = (15.9823184944 + 0.1190953698031), rs = (36.000183379 — 0.003336649756677),
re = (36.000183379 + 0.003336649756671), r7 = 63.9999999074.

Using the decomposition

A=r)A=mr2)---(A=17)

(A —16)3(\ —36)2(\ —64)’

we obtain by direct calculation |Q_1()\)| > 1.8496 x 10~7, for all A € C. On the other hand, again

by straightiorward calculations, we have S [Ag,_1()\)| < 1.8269 x 1077, for all A € C. Therefore, by
k=4

Rouche’s theorem, equation (21) has only one root inside the circle C. Thus, using Theorem 2 (b) and

the spectral analysis of L given by Veliev [5], we conclude that A; is the real eigenvalue lying inside

the circle C.

Now we show that pi_q and p41 are the complex eigenvalues lying inside the circles

81 ={n € C:|u— (126575008922 — 1.52020432568:)| = 1.4 x 10~°}

Q-1(A) =

and
6o ={p e C:|u— (1.26575008022 + 1.520204325687)| = 1.4 x 1075},

respectively. The roots (36) of the polynomials Sy (u) and Sa(p) inthe disk dy = {pu € C : |p| < 2|e| + 1}
are

x1 = (1.26575008922 + 1.520204325681), y1 = (1.26575008922 — 1.520204325683),
respectively. The other roots of S1(u) are
x9 = (8.96777697119 + 0.1423381626797), x3 = (8.79563202223 — 0.031723079287517),
x4 = (8.97007606112 — 0.1620974072927), x5 = (25.0005579806 — 0.00577397577187i),
xe = (25.0002071021 + 0.005820613141137) 7 = (48.9999997735 — 0.000000006922626345431),
and the other roots of Sa(u) are
yo = (8.96777697119 — 0.1423381626797), y3 = (8.79563202223 + 0.03172307928757),
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y4 = (8.97007606112 + 0.162097407292:),  y5 = (25.0005579806 + 0.005773975771877),
ys = (25.0002071021 — 0.00582061314113i) y7 = (48.9999997735 + 0.000000006922626345431).

Using the decompositions

_ (e —w2) - (p— )
Hy(p) = (n—9)3(u — 25)2(u — 49)
and

_ (=) —y2) - (—yr)
) = 0 — 252 49) °

by direct calculations, we obtain |Hy(u)| > 4.6113 x 1075, for all p1 € 83 and |Ha ()| > 4.6113 x 1075,
for all u € d1. On the other hand, one can easily calculate that

> lask—1(1)| < 4.4786 x 1076
k=4

forall p € 61 U d2. The proof follows from Rouche’s theorem and Theorem 4; each of the equations (33)
and (34) has only one root inside the circle d, and d1, respectively and 1 and py1 are the complex
eigenvalues lying inside d; and do, respectively.
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